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ABSTRACT
A creep model for salt has been developed which, when given constitutive constants
derived from laboratory pillar experiments and used in conjunction with an explicit
finite-difference code, gives excellent agreement with data from a field test called
Project Salt Vault (PSV). The model is a generalized version of the Startield-
McClain creep strain-rate model and allows for varying temperature and stress
fields. It incorporates a stress relaxation algorithm developed by Wilkins, based on
the non-associative Prandtl- Reuss flow rule. The numerical method solves a set of
explicit-in-time physical equations which are represented by explicit finite-
difference numerical equations. The coupled constitutive equations are solved using
a Runge Kutta scheme. A time-dependent, two-dimensional planestrain simulation
of PSV was compared to room convergence data which was gathered at intervals
during the 23-month experiment. These data compared remarkably well. This paper
contains a discussion of the physical and theoretical basis for the model, as well as a
description of the numerical procedure used to integrate the creep formulas.

INTRODUCTION

A creep model for salt has been developed by Science
Applications, Inc. (SAT) which, when given constitutive
constants derived from laboratory pillar experiments and
used in conjunction with an explicit finite-difference code,
gives excellent agreement with data from a field test called
Project Salt Vault (PSV). The model is a generalized ver-
sion of the Starfield-MeClain (S&M) creep strain-rate
model and allows for varying temperature and stress fields.
It incorporates a stress relaxation algorithm developed by
Wilkins, based on the non-associative Prandtl-Reuss flow
rule. The numerical method solves a set of explicit-in-time
physical equations which are represented by explicit finite-
difference numerical equations. The coupled constitutive
equations are solved using a Runge Kutta scheme. A time-
dependent, two-dimensional plane-strain simulation of PSV
was compared to room convergence data which was
gathered at intervals during the 23-month experiment. The
computational and experimental data compared remarkably
well. This paper contains a discussion of the physical and
theoretical basis for the model, as well as a description of
the numerical procedure used to integrate the creep for-
mulas.

PHYSICAL AND THEORETICAL BASIS
FOR THE MODEL

The laboratory pillar experiments of Lomenick, reported
in Reference 1, provided the basis for both the S AI model
and the S&M mode/ of Reference 2. The experimental con-
figurations were small-scale mock-ups of cylindrical salt
pillars, as shown schematically in the diagrams of Figure 1.
The time-dependent strain of the pillar height, defined by
the gap distance, x, was obtained for different conditions of
temperature and average vertical stress in the pillar. The
temperatures ranged from about 20 to 200 degrees Centi-
grade. The vertical stress ranged from zero to about 4.14 x
107 Pa (6000 psi) and was defined by the ratio of the load to
the cross-sectional area of the pillar.

The vertical stress was applied suddenly in all of these
experiments and was not varied during a given experiment.
It would have been desirable if the stress had been changed
while creep was occurring in some of the experiments. This
was not done, and assumptions had to be employed to
model this feature. The S&M and S AI models employed
different assumptions and, consequently, predict different
creep responses for stress changes, as will be seen later.
Fortunately, the temperature was changed while creep was
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Figure 1. Schematic geometry of small-scale experiments.
a) In-situ cylindrical salt pillar. b) small-scale mock-up of pillar
region.

occurring in some of these experiments. Consequently, the
S&M and SAI models are identical with respect to this
feature.

The diagrams of Figure 2 illustrate a case of constant
temperature. Figure 2(a) shows the applied conditions. The
pillar creep strain, ex , and creep strain rate, i x , are shown
schematically in Figures 2(b) and 2(c), and can be fit by the
forms

Ex = A(t--to)a 0bcil	 (A- 1a)

to

B

to

Figure 2. Schematics of constant temperature case. a) Imposed
conditions of temperature and stress. b) Creep strain response.
c) Creep strain rate response.

where the value of ). provides creep strain continuity at t 1 .
Hence, X can be obtained from Eqs. (A-la) and (A-2a) as
follows,

41 — tornot = —A )a61 (11,-

The previous expressions can then be generalized for con-
tinuous temperature changes (with constant stress) by the
differential expressions

t x

Ex "="- at-x/0-0	 (A-Ib) de = 	 x dt [
x	 at	 ox

15Ex dal
80

where a, b, and c are material constants, while the value of
A depends on the geometry as well as on the material; t is
time; 0 is temperature; and a„ is the vertical pillar load in
stress units.

The diagrams of Figure 3 display a case with a tempera-
ture jump at t 1 . The observed response can be fit as an
overlay of two constant temperature cases with a time shift
to provide creep strain continuity at t, . The creep strain and
its rate after t, can be fit by the forms

ex (t>t i ) = A(t—X)ae,Vg	 (A-2a)

By definition, a finite change of creep strain requires a finite
time interval and the sum of the terms in the bracket is
identically zero. Thus, the S AI and S&M pillar models for
constant stress with temperature changes can be expressed
as

ex(Const cr„) =-- Aft—X(t)r [0(t)P ol	 (A-3a)

aex=	 dt +
t — X 

aE„ dX bex de
t—X +  0       

Ex(t>ti) = aExi(t — k)	 (A-2b) = a ex/tt — X(01	 (A-3b)
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The analogous treatment of 0 and crx in the SAI model is
not present in the S&M model. The S&M model assumes
that a change of stress (at constant temperature) occurring
at r produces a change of creep strain at t T according to

dey(t r) =	 r)aed[cry (r)r

t.

r r

f x

C

1

to

Figure 3. Schematics of temperature jump case. a) Imposed
conditions of temperature and stress. b) Creep strain response.
c) Creep strain rate response.

where

X(const ax) = X (to) + f(t —X)-
6
 dt.

The SAI and S&M models

5.

 depart for the case of variable
stress. In analogy to the variable temperature case, the SAI
model assumes that the response for variable temperature as
well as for variable stress can be expressed as

dey =	 dt +
Oey 	[ ae,	

80
ta 

d0 +
Oe  

do-y]

aex dt + aex del be 
de 

+ ceX 0	 K

do-y
t —X t—X a

The sum of the terms in the bracket must be zero by creep
strain continuity. Then the SAI pillar creep model for vari-
able temperature and stress becomes

Ex =	 — X(t)la [9(t)r [-x(t)le (A-4a)

Ex = a Ex/(t — X) (A-4b)

X(t) - 1l0 +i(
6	 cr.

b	 +
0	 cry

dt. (A-4c)

or

E(t r r) =	 (r) + dey (t	 r).

The generalization for variable stress and temperature re-
sults in the S&M pillar creep model,

t

A [ f Ob' a (u)dui
T	

(A-5)— 
x
(r)r dr.

&

•
It can be shown that the SAI and S&M pillar creep

models of Eqs. (A-4) and (A-5) are identical for constant
stress cases.* In addition, they converge to the same result
for variable stress cases as time unfolds beyond the last
stress change. The S&M model predicts infinite creep rate
at stress jumps applied during creep, in contrast to the SAI
model. Both models predict finite creep rate at temperature
jumps applied during creep. Stress jump experiments would
be required to select the most accurate model.

NUMERICAL CONSIDERATIONS

The steps to implement the SAI model numerically are:

1. Generalize the SA/ pillar model for geometric invari-
ance for application to arbitrary configurations.

2. Include the relations for stress relaxation due to creep
strain.

3. Express the total model in appropriate difference form
for inclusion in a time-explicit, finite-difference code.

In order to generalize the SAI pillar model [Eq. (A-4)J,
the pillar creep strain, ex , must be replaced by an equivalent
deviatoric strain, \,• 3 <e>, so that

<e>	 —(e2 + e2 + e2 ) e22 Ls eh	 Z2	 KY
	 y

where eu are the deviatoric strain components, and the pil-
lar load, cry , must be replaced by an equivalent deviatoric
stress, 7 <s>, so that

<s>	 (sL + s yY ±sL)	 +	 s.

*when a constant value of a„ is applied suddently at t,„.

t

—



300	 Fifth International Symposium on Salt—Northern Ohio Geological Society

where sij are the deviatoric stress components. Assuming
that creep is purely deviatoric, the invariant form of the S AI
pillar model becomes

<eel.> = A[t — X(t)]a [0(t)] [<s(t)›] e ,	 (A-6a)

<ê' er > = a<e'r >/(t — X),	 (A-66)

X(t) =	 a	
b 

0	 Cs>c <4>] dt	 (A-6c)
Q 

where A is now a material constant that does not depend on
the geometry. The superscript cr indicates that Eqs. (A-6)
are for creep strain. These equations are useful only if E) and
<s> are applied conditions. In particular, they do not
handle cases of applied total strain. These latter cases cor-
respond to stress relaxation due to the conversion of elastic
strain into creep strain. Before addressing this effect, it is
helpful to outline a numerical method, developed by Wil-
kins (Reference 3), used to relax stress by plastic flow. The
extension of this method to creep flow can be derived by
analogy.

The Wilkins approach involves the following steps.
Compute deviatoric stress components from components of
total deviatoric strain, assuming elastic theory. From
Hooke's Law, the rate of change of deviatoric stress is
directly proportional to the deviatoric strain rate,

	

ITV-tent	 (A-7a)

where m = 1 when i j and m = 2 when i = j. m. is the elastic
shear modulus. The computation of the deviatoric stress
requires that Eq. (A-7a) be integrated,

	

srj (to ) = sij (to)	 ;rjAt	 (A-7b)

where At t„ — to , to is new time, and to is old time. The
stress ellipsoids before and after the computation of the new
deviatoric stress in Eq. (A-7b) are shown schematically in
Figure 4(a). These deviatoric stress components are called
the equivalent-elastic deviatoric stress, seiej (to ), and are used
to define a "trial" state of stress, ,11<see(t.,,)>, which can be
compared to the yield stress, Y(t o ). If the trial state exceeds
the yield surface defined by Y(to ), then all of the equivalent-
elastic deviatoric stress components are reduced by the same
factor,

a	 I <s"(to ) >
_ 	 Y(to )	

(A-7c)

Equation (A-7c) is a statement of the non-associative Prandtl-

and the corresponding plastic flow components are derived
from the definition of total deviatoric strain rate as follows,

1	 a	 e%
	

(A-8a)
a At

scP	 / s 1 3 (tn)
e7 7

=	 sl'I( . tn )

= ;VI 2/L6P,J . (A-8b)

where g in the above equations is the constant of propor-
tionality relating the rate of plastic strain to the instanta-
neous stress deviator in simple plastic theory.

Equation (A-Sb) can be rearranged as follows,

;eiej — 21.te'L.	 (A-8c)

In words, Eq. (A-8c) is

Final
(elastic-plastic)
state of stress

(A-9)
Trial

(equivalent-elastic)
state of stress

The elastic-plastic stress deviator,	 can be eliminated
from Eq. (A-8c) by using Eq. (A-7c) in the following form,

MOOa —
stil(t„)

Thus, Eq. (A-8c) becomes

rill = sej l	 dt

(1—a)srj (to ) = 2i.têIjdt.

It can also be shown that

(1 —a)<see(to)> = 2/./.<61'›dt.

The elimination of I —a in Eqs. (A-1 la) and (A-1 lb) results
in the equations

<e°>	 ski

which are equivalent to the	 assumption that plasticity

let /3 -

adjustmentjtment

(A-10)

(A-11a)

(A-I lb)

<see> (A-I2)

Reuss flow rule. The resulting deviatoric stress components	 shrinks the stress ellipsoid without changing its eccentricity
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Figure 4. Update of stress deviators by elasti-plastic and creep
adjustments. a) Stress deviator ellipsoid before and after elastic
update. b) Plastic adjustment by the Pradtl-Reuss assumption (not
essential to the creep model). c) Creep adjustment by the
Prandtl-Reuss assumption (essential to the creep model).

or orientation. These remarks are illustrated in Figure 4(b).
More general models of plasticity allow for rotations and
distortions of the stress ellipsoid, and these are not pre-
cluded in the discussion that follows.

If we assume that creep strain relaxes the stress ellipsoid
in the same non-associative manner described above, then
the corresponding creep equations are

SI P.1 
eeji <ecr >

<s"›

where Mi<s"› is employed to account for general plastic
response that does not necessarily obey Eqs. ( A-12). This is
consistent with the assumption that plastic relaxation of
stresses occurs instantly, while creep relaxation requires
time. Thus, the plastic adjustment is made first, followed by
a creep adjustment based on the stresses that resulted from
the plastic correction. Then, by direct analogy to the previ-
ous discussion [Eq. (A-8c) .1, the final deviatoric stresses,
st;(t,), are

<s(t„)> = <s"(tn )›. — 2p,<ecr >dt
(A-I4b)

rz- <seP (tn )>[1-2ACer >dt/<s">].

The final adjustment due to creep is displayed in
Figure 4(c).

If the heat generated by creep during the stress adjust-
ment is either a) neglected, or b) not added, until after the
adjustment, then we have enough independent equations to
perform the stress-strain adjustment, However, the method
must be centered properly to avoid systematic errors that
can occur in difference equations. The method used by SAT
is described next.

Previous expressions can be used to construct the differ-
ence equations,

<s(tn )>	 es(t.0 )>
<;;(t)›. = 	

dt

<s"(1.)> — < 5(t0 )>
dt

<sc1)(to )> — <s(t0)>
dt

— 2LaA(tn —X)a- j0(tn )lb [<s(to>lc

	

A(t) = [X(tn )	 X(t„)1/dt

be(0/0(tn )	 c{‹scP( <tn):to—>d<t s(t6)>1 
a 

2/..tc A(tn —X)5 [0(tn)}b [<5(en)>	 ( A-16)

Using the following conventions,

Knowns

= old time
ti	= intermediate time (to	tn )
t,,= half time (to + tr.,)/2
tn	= new time
dt	 = full time step =	 —
X0 =
So 	 = < s t toi >

<s"(tn )>
Ob (10

R, = ONO
R, = Ob (In), Rh = (Pah)

R	 — Ro)/dt

Unknowns

(A-13)

214.Cier >
(A-15)

(I	 X

Si = <5(0>
sii (tn ) = sei Pj ( tn )	 sn 	Cs(t„)>

(A-14a)
	

A i =
= s i Pi (tn ) [1-2/x<ecr >dti<seP >1

	
An = Mtn )
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the difference equations can be expressed as

g (t,,X„si ,RI) 	 	 R,sr
dt

—
	

r.
	

c(sr so 7
—

a	 si dt

2iu.cA(ti —	 )a Ri se

These equations can be solved by a fourth-order Runge
Kutta scheme as described below, The fourth-order Runge
Kutta method involves four successive estimates of s and X.
The first estimates are

SE 	 (to , X., so , Ro)

= k(t,„),(„so,R.)

si(th) = Sn + s, dt/2

X l(th) = A + )C, dt/2.

The second estimates are

= 4th 'Ai st Rh )

A2	 = k(th,Xi,si ,Rh )

5.2(th) = so +	 dti2

A-2(th) = ko + X2 dt.12.

The third estimates are

•
Sg	 S(th dt2 ,s2 Rh )

X3	 =	 (th,X2, S2 Rh )

s3(t„)	 = so + .s3 dt

)044 = A0 + A3 dt.

The fourth estimates are

54 R.)

X 4	 -= k(t.,A3, s3 , R.)

S4(in)	 = So + ;4 dt

= A0 + X4 dt.

where the errors in s and X are estimated by

F. 	 =	 S.,)/(S2 —	 if	 S,

= 0 otherwise

E,	 = ;(X3	 i 2 )/{.2 	 kj if X 2
	

X,

=0 otherwise.

The SAl model used the criterion that E., and E, could
not exceed 2%. If this value was exceeded using a full time
step, then the calculation was repeated with sub-time steps
that reduced the error to 2% or less. Though the 2% criter-
ion is frequently used in the Runge Kutta method, it is
probably more conservative than is warranted for the Proj-
ect Salt Vault simulation. The trade-off of accuracy versus
computer costs was not assessed.

It should be emphasized that the present S A I creep model
is based on limited data, applicable to salt repository condi-
tions, and may not be valid under different conditions. The
modeling method, however, is not constrained by the par-
ticular creep law that was selected. For example, the temp-
erature dependency, Ob , is a satisfactory description in the
limited cases of the Lomenick experiments. The depen-
dency, exp( —K/t9) is equally satisfactory with respect to the
Lomenick experiments and probably has a larger range of
validity because of its agreement with dislocation theory
(Reference 4). Either form can be handled with ease by the
modeling method that has been presented. If necessary, the
effects of dilatancy on creep rate may also be incorporated
without difficulty.

RESULTS

So far, the only verification of the creep model comes
from two-dimensional numerical simulations of PSV (Ref-
erence 5) using the explicit finite-difference code,
STEALTH 2D (Reference 6). Room closure data compari-
sons between field measurements and results from simula-
tions with and without the excavation sequence are shown in
Figure 5. A full three-dimensional 	 simulation is now
underway.
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The final estimates are

t
Sn	 = s© + d

°

r
+	 + 2;3 + 54
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